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AERONAUTIC  SYMBOLS 
U  FUNDAMENTAL  AND  DERIVED  UNITS 


W 

g 

m 

I 

M 

8 

a 

b 

e 

A 

V 

1 

L 

D 

D, 

Di 

D, 

0 


Symbol 

Metric 

English 

Unit 

Abbreria- 

z^^tion 

Unit 

Abbreria^ 

tion 

Length _ 

Time _ 

Force - 

1 

t 

F 

meter - 

second _ 

weight  of  1  kilogram - 

m 

B 

kg 

foot  (or  mile) _ 

second  (or  hour) _ 

weight  of  1  pound . 

ft  (or  mi) 
see  (or  hr) 
lb 

Power.r- - 

Speed _ 

P 

V 

horsepower  (metric) . 

(kilometers  per  hour - 

\meters  per  second - 1 

kph 

mps 

horsepower _ 

miles  per  hour _ 

feet  per  second - 

hp 

<mph 

fps 

2.  GENERAL  SYMBOLS 


W’eight=m^ 

Standard  acceleration  of  gravity=9.80665  m/s’ 
or  32.1740  ft/sec’ 

W 

Mass=— 

Moment  of  inertia= tnP.  (Indicate  osia  of 
radius  of  gyration  k  by  proper  subscript.) 
Coefficient  of  viscosity 


p  Kinematic  viscosity 

p  Density  (mass  per  unit  volume) 

Standard  density  of  diy  air,  0.12497  kg-m^^-s’  at  16®  C 
and  760  mm;  or  0.002378  Ib-ft"^  sec’ 

Specific  weight  of  ‘Standard”  air,  1.2255  kg/m*  or 
0.07651  Ib/cu  ft 


3.  AERODYNAMIC  SYMBOLS 


Area 

Area  of  wing 
Gap 
Span 
Chord 

Aspect  ratio,  ^ 

True  air  speed 
Dynamic  pressure, 

lift,  absolute  coefficient 

Drag,  absolute  coefficient 

Profile  drag,  absolute  coefficient 


D, 


Induced  drag,  absolute  coefficient 

Parasite  drag,  absolute  coefficient 

'  G 

Cross-wind  force,  absolute  coefficient 


iw 

it 

Q 

0 

B 


a 

€ 

a# 

<Xi 

aw 

y 


Angle  of  setting  of  win^  (rdative  to  thrust  line) 
Angle  of  stabilizer  setting  (relative  to  thrust 
Ime) 

Resultant  moment 
Resultant  angular  velocity 

Reynolds  number,  where  I  is  a  linear  dimen¬ 

sion  (e.g.,  for  an  airfoil  of  1 .0  ft  chord,  100  mph, 
standard  pressure  at  15®  C,  the  corresponding 
Reynolds  number  is  935,400;  or  for  an  airfoil 
of  1.0  m  chord,  100  mps,  the  corresponding 
Reynolds  number  is  6,866,000) 

Angle  of  attack 
Angle  of  downwash 
Angle  of  attack,  infinite  aspect  ratio 
Angle  of  attack,  induced 
Angle  of  attack,  absolute  (measured  from  zero- 
lift  position) 

Flight-path  angle 
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SUMMARY 

,  l  l<iii  th(  <u'if  vclopcd  joi'  thv  elQHUc  hi-hdvior 

of  orthotropk'  lUit  p/dtcst  in  }rfncli  (I(JI('ct}ons  due  to  shear  are 
taken  into  accoant.  In  this  theory,  which  corers  all  types  of 
flat  sandirick  construction,  a  plate  characterized  by 
physical  constants  {/^''stilfn esses  and  tiro  Poisson  ratios)  of 
ichich  six  arc  independent.  Both  the  oieryy  expression  and. 
the  differential  equations  are  deceloped.  Boundary  conditions 
correspond iny  to  simply  supported,  clamped,  and  elastically 
restrained  edyes  are  consuiered.  ! 

INTRODUCTION 

The  advent  of  high-speed  flight  and  the  concurrent  neces¬ 
sity  of  maintaining  aerodynamically  smooth  surfaces  under 
high  stress  have  led  to  the  increased  study  of  saiuhvich-plate 
construction  as  a  possible  substitute  for  sheet-stringer  con¬ 
struction  in  airplane  design.  A  samhviidi  plate  consists 
essentially  of  a  relatively  thick,  low-density,  low-stifFness 
core  bonded  betweiui  two  thin  sheets  of  high-stifTnoss  ma¬ 
terial.  Materials  that  have  been  considered  for  the  core 
include  lialsa  wood,  hard  foam  rubber,  cellulose  acetate, 
resin-impregnated  cloth  fashioned  into  a  honeycomb, 
corrugated  metal  sheet,  and  even  closely  spaced  stilfcners 
of  the  conventional  type.  The  face  sheets  may  be  of  metal, 
plywood,  wood-])ul[)  j)lasti(*,  or  some  otlier  tyj>e  of  high- 
stiffness  material. 

Because  of  tlie  low-stiffness  core,  the  sandwich  plate  will, 
in  g(‘noral,  experience  appreciable  deflection  due  to  shear. 
Furthermon',  bec'ause  tlu^  face  slieets  or  con'  (or  both)  may 
have  ortliotropic.  stretching  properties,  tlie  sandwich  |)late 
will  in  gi'iieral  he  orthotropic  in  its  flexural  propertit's.  As 
a  result,  ordinary  platc'  theory,  which  is  based  on  the  assump¬ 
tions  that  the  plati'  is  isotropic  and  tliat  (leflcctions  diK'.  to 
shear  may  be  neglected,  cannot  l)e  used  to  determiue  the 
stresses,  <leflections,  or  buckling  loads  of  sandwich  plates. 

A  general  small-deflection  theory  for  flat  ortho  tropic  plates 
is  therefore  developi'd  in  which  deflections  due  to  shear  ari'- 
taken  into  account.  The  theory  is  applicable  to  any  type 
of  orthotropic  or  isotropic  sandwich  that  behaves  ('ssentially 
as  a  plat(‘,  provided  certain  physical  (‘onstants  ari'  known. 
These  physical  constants  (two  flexural  stiffiK'ssi's,  two  slu'ar 
stiffiK'sses,  a  twisting  stiffness,  and  two  IMisson  ratios  (h'fined 
in  terms  of  curvatures)  serve  to  descrilx'  the  [)lat(*  ([('forma¬ 
tions  associated  with  simple  loading  conditions  and  may  f)e 
I’cganh'd  as  fundamental  properti('s  of  the  plate,  bor 
siinph'i'  typ('s  of  sandwiidi  (*onstruction  tlu'  physical  ('onstants 
can  be  evaluated  theoretic'ally  from  th('  geometry  and  physi¬ 
cal  propt'i'ties  of  the  materials  used,  for  more  complicated 
tvpes  of  (‘onstruction,  these  constants  (*an  be  evaluated  by 
moans  of  simple  t(*sts  on  samples  of  the  assembled  sandwich, 


as  (h'seribed  in  jippendix  A.  A  rei'iprocal  relationshij) 
b(*tw(*('n  the  fh'xural  stiffnesses  and  Poisson  ratios  is  (h'rived 
in  a])p('ndix  B. 

As  is  the  case  with  ordinary  plate  theory,  the  orthotropic 
plate  theory  (‘onsists  of  two  parts,  ('ach  complete  in  itself. 
These  parts  ar('  a  set  of  six  differential  e(j nations,  three  of 
which  expiTSS  the  (‘(luilibrium  of  an  infiniti'simal  i)late  ele¬ 
ment  and  tiiree  of  whi<‘]i  relate  the  curvatures  and  twist  of 
the  element  to  the  forces  and  moments  acting  upon  it,  and 
an  expression  for  the  total  potential  enc'rgy  of  the  system 
(‘omprising  the  plate  and  the  forci's  acting  upon  it.  The  six 
differential  eiiuations  involve  six  variables.  However,  it  is 
shown  how  these  simultaneous  equations  can  be  reduced  to 
a  single  equation  of  sixth  order  involving  any  one  of  the 
variables  alone.  In  appendix  C  the  consistency  between  the 
differential  equations  and  the  potential-energy  (expression  is 
shown  l)y  a  variational  method. 

The  consideration  of  deflections  due  to  shear  makes  neces¬ 
sary  the  specification  of  one  more  boundary  condition  than 
in  ordinary  plate  tlieory.  This  fact  was  fii-st  appreciated  by 
Reissner  in  reference  1.  Because  of  some  arbitrariness  in  the 
choice  of  the  additional  boundary  condition,  two  types  of 
simple  support  and  two  type's  of  clamped  edges  are  possible. 
Furthermore,  three  boundary  conditions  can  be  specifu'd 
for  a  free  edge,  in  contrast  to  ordinary  plate  theory.  Bound¬ 
ary  (conditions  more  general  than  freedom,  simple  support, 
or  clamping  are  considered  in  appi'iidix  C. 

A  number  of  investigations  related  to  tlu'  problem  of  ortho- 
tropic-  or  is()tropi('-sandwi(‘h-plate  analysis  have  been  mad(i 
piT'viously.  fldieories  for  tlu'  Ix'iidiiig  of  orthotropic^  plat(*s 
due  to  lateral  loads  and  buckling  due  to  edge  loads,  iK'glecting 
deflections  due  to  slu'ar,  are  given  in  n'ferenccs  2,  fl,  and  4 
and  pag('s  fl80“flS4  of  referemce  o.  The  effi'ct  ol  shear  on 
the  liending  due  to  lateral  load  of  homogeneous  isotropic 
plat('s  and  isotropic  sandwich  plates  is  (‘onsidi'iTcd  in  reh'r- 
(*nce  (),  The  effect  of  shear  on  the  bending  dine  to  uniform 
lateral  load  and  biudding  due  to  (xlge  compri'ssion  of  siriifily 
supported  isotropi(c  sandwic'h  plat('s  with  homogeneous  con's 
is  consideiT'd  in  invi'stigations  by  Hopkins  and  Pi'arson  and 
by  L(*gg('tt  and  Hojikins.  A  rough  method  of  taking  into 
acccount  deflections  due  to  shear  in  tlie  buckling  of  simply 
supporti'd  orthotr()pi(“  sandwich  plates  is  used  in  reference  7. 

The  pres(uit  theory  may  be  regarded  as  a  natural  exten¬ 
sion  to  plates  of  the  approximate  theory  used  in  pages  170- 
174  of  reference  8  to  take  into  ai’count  deflections  due  to 
shear  in  a  beam.  The  tiu'ory  of  this  paper  is  more  general 
than  the  aforementioned  theories  in  that  it  applies  to  ortho¬ 
tropic  or  isotropii'  sandwich  plates  witli  homogeneous  or 
nonhomogeneous  cores  and  with  arbitrary  boundary  condi¬ 
tions,  it  presents  both  the  differential  e([uations  and  the 
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(wprc'ssion  toe  tiu'  ]:)lat(‘,  aiul  it  is  a()i)li('al)l('  to  [)rol)- 
K*ins  that  iiiv()lv('  laU^rai  as  W('ll  as  ('d^c  loads.  1  lu' dilhanMilial 
(‘(jualions  of  tlu'  ptu'st'iU  llu'OfV  aro  reduced  to  special  loi’ins 
ill  onl(M‘  that  tlu‘V  may  Ix'  (■oin[)ai'('d  witli  tlic  (‘(lualions 
ohtaiiu'd  in  ridcriMua's  5  and  (i. 

'V\w  (h'taih'd  d(‘V(‘lo[)in(Mit  of  tlu'  tlu'ory  coinpeisc's  most 
of  tlic  following  s(‘(*tions  and  tlu'  appinidixi's.  d'lu'  main 
jiai-ts  of  tlu'  I lu'orv  ar('  siinimai'i/a'd  hi'itdly  in  a  si'ct ion  cntithMl 
“  Ki'ca [)il nlat ion  of  !^'inci[)al  Ri'snlts." 

SYIVIBOLS 

./•,  //,  j  ortlio^onal  coordina tes;  ~  nioasniH'd  noi’inal  to 

plane  of  i)late  and  /  and  //  i)arall{d  to  ])cineii)al 
axes  of  flexural  symmetry,  inelu's 
10  delleetion  of  niiddh'  surface  of  ])lat(x  measurc'd 

in  ;:-(lireetioii,  inches 

q  intensity  of  lateral  loadin^^  ]H)unds  pin*  sciuare 

inch 

intensity  of  internal  shear  acting  in  ;::-din'ction 
in  a  cross  section  originally  i)arailel  to  7/.?-plane, 
[)oun(is  per  inch 

inlonsity  of  internal  shear  actin^^  in  ;:-direction  in 
a  cross  section  originally  i)arallcl  to  :;;c-plane, 
pounds  ])er  inch 

d/j  int(‘nsity  of  inU'rnai  liendin^  inonnmt  a(‘tini^ 

upon  a  cross  section  originally  paralhd  to 
7/;r-plane,  inch-pounds  per  inch 
d/y  intensity  of  intenial  hendinp:  moment  acting 

upon  a  ('ross  siadion  originally  ])aralh'l  to 
x2:-plane,  inch-pounds  p(‘r  inch 
d/^y  intensity  of  internal  twisting  moment  aiding  in  a 

cross  si'ction  originally  parallel  to  y^r-plaiu*  or 
j^c-plaiKx  inch-pounds  per  inch 


intimsity  of  middle-j)laiu‘  temsih'  force  paralhd  fo 
.rz-\)li\iu\  pounds  pea*  imdi 

X,j  iiitimsity  of  middh'-plaiu'  tensih*  force*  paralhd  to 

yr-[)hm(',  pounds  per  imdi 
intensity  of  middle-plane  slu'aring  force  paralh*! 

to  //r-plaiu*  and  jr-])lan(‘.  {louiids  fX'i*  imdi 
flexural  stiffnesse's  of  jilate  with  antiedastie 
hemding  unrestraiiu'd,  imdi-pounds 
/  Bending  moment  per  imdiX 
\  Curvature  / 

I)^,j  twisting  stiffness  of  plate,  inch-poutuls 

/Twisting  moment  p(*r  iiudiX 
V  ‘  Twist  ■  ■  ■■  / 

I)  flexural  stiffness  of  ordinary  jtlafe,  imdi-iiounds 

l)(,  shear  stiffnesses  of  plate,  {lounds  per  inch 

Poisson  ratios  for  i)late,  (h'fined  in  ti'rnis  of 
curvatures 

ji  Poisson  ratio  for  ordinary  i)lat(‘ 

7^,  7y  shear-strain  angles  due  to  shears  Qx  ^tud 

respeidively,  radians 
h  thiidviiess  of  plate,  inches 

(i^b  h'ligth  and  width,  n'spectivi'ly,  of  nxdangidar 

plate* ,  inches 

V  total  j)otential  energy  of  s^'Stem,  inch-pounds 

Vi  strain  energy  of  bending  of  ])lat(‘,  inch-pounds 

TA  potential  energy  of  external  loads,  inch-i)ounds 

Uj  V  displaci'inents  in  a:-direction  and  //-direction, 

respectively,  of  a  point  in  middle  surface  of 
plate,  inches 

[D],  [il/],[A^],  [P]  differential  operators 

SIGN  CONVENTION 

The  sign  convention  and  notation  used  in  the  present 
paper  are,  wherev(*r  convenient,  the  same  as  those  used  by 
Timoshenko  in  reference  5. 


Sydx 


Qydx 


Figure  l.—Korcos  iiiid  moments  Rctinp  on  difTerentbl  element  ilx  dy. 


A  (lENERAL  SMA LL-])EFLE(*TI()\  THEORY  FOR  FLAT  SANDWICH  PLATES 


Tlu‘  J-,  //-,  aiui  r-axes  of  an  oiTlio^^oual  coordinate  system 
are  oriented  so  tiiat  the  ///-phuu'  eoineides  with  the  iindis- 
torted  middle  plane  of  the  plate.  Oefleet ions  are  measured 
normal  to  the  ///-plane  and  arc*  positive  in  the  ])ositive  dircM'- 
tion  of  the*  >axis.  The  lateral  load  q  is  also  positive  in  the 
direct  ion  oi  the  2-axls. 

Tho  iiitcnml  slioius  Qr  iiiul  iiioau'iits  iind  M^.j. 

aiul  ini(l(llo-|)l!UU'  lorccs  \ r,  -Nj,  luul  AryiU't’  sliowu  in  figuic  1 
iU'tiiisr  ill  tluni-  jMisitivo  diivctions  ii|)oii  an  infinitcsiniai 
cIciiuMit  ol'  liMi.iTtli  iIj-  iUid  width  //  cut  from  the  unloaded 
plate  l)v  planes  pai'allel  to  tin'  and  //r-planes.  ()nl\  tiu' 
fore('s  and  moments  aetintr  on  two  adjacent  faces  ol  the 
element  are  shown.  The  forces  and  moments  on  the  oitpo- 
site  faces  diller  from  those  on  the.  laces  shown  oidy  hy  infini¬ 
tesimal  ainoimts.  The  directions  in  which  they  act.  ho\\e\(‘t, 
are  opposite  (for  e.\am|)le,  moment  .1/  (///  on  the  face  shown 
is  eoimtcreloekwise;  moment  M,  (ly  on  the  opposite  face 
would  he  shown  aetinj;  clockwise).  The  twislin<r  moment 
and  middle-plane  shearint;  force  acting  on  any  cross  section 
are  known,  from  equilibrium  considerations,  to  he  equal  to 
the  twisting  moment  and  middle-])lane  shearing  force  acting 
on  a  cross  section  at  right  angles.  The  symbols  and 
therefore  appear  in  both  of  the  faces  shown  in  figure  1. 

For  convenience,  in  this  report  the  xlirection  is  sometimes 
referred  to  as  the  vertical  direction  and  iilanes  parallel  to 
the  xy-plaiu*  are  sometimes  referred  to  as  hoiizontal  plains. 

PHYSICAL  CONSTANTS 

The  phj^sieal  properties  of  the  plate  arc  described  hy  means 
of  seven  constants:  the  fh'.xural  stiffnesses //and  //,  the  twist¬ 
ing  stiffness  //„,  the  transverse  shear  stiffnesses  and 

//j,,  and  the  I’oisson  ratios  Mr  im<l  Mii-  Di'finitions  of  these 
constants  are  obtained  hy  considering  the  distortions  of  the 
differential  element  of  figure  1  under  simple  loading  conditions. 

Let  all  forces  and  moments  acting  on  the  element  be  zero, 
except  for  the  moments  d/  actingon  twoopposite  faces.  The 

d-w  .  , 

effect  of  M,  is  to  produce  a  primary  curvature  ^  m  tlie 
middle  surface  of  the  clement  and  also  a  secondary  curvature 
whicdi  is  a  Poisson  effect.  Then  Dr  is  defined  as  the 
negative  of  the  ratio  of  moment  to  primai-y  curvature  or 

Mr 


Dr=~ 


(1) 


when  only  Mr  is  actin^^  and  Mi  is  dofiiiod  as  the  negative  of 
the  ratio  of  Poisson  curvature  to  primary  curvature  or 


dx- 


(2) 


when  only  Afr  is  acting.  No  other  distortions  arc  assumed 

but  and  when  Mr  acts.  The  minus  signs  are  intro- 
dx'  0//“  .  . 

duced  ill  order  to  make  Dz  Mr  essentially  positive 

quantities. 


Similarly,  Dy  and  y.,,  ari*  d(‘fin(‘d  as 

l)„ 


bif 

b'W 
_  dx“ 
d'-w 
djr 
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(d) 


(4) 


when  only  A/y  is  actini;. 

If,  now,  all  of  the  forces  and  moments  are  e((ual  to  zero 
(‘xci'pl  A/jy  acting  on  all  four  faces,  the  only  distortion 

produc(‘d  is  a  twist  i^  dafuu'd  as  the  ratio  of 

twisting  moment  to  twist  or 


Dz 


ir>) 


A/.y 

d'^v) 

dxdy 

when  only  Mr,j  is  acting. 

The  transverse  shear  stiffness  is  defined  l)y  letting  only 
the  shears  iR‘t  on  opposite  faces  of  the  (‘lement  (except  for 
an  infiniti'siinal  moment  of  magnitude  Qz  <ly  required  for 
equilibrium).  The  distortion  is  assumed  for  the  moment 
to  be  essentially  a  sliding  of  one  face  of  the  (dement  with 
r(‘spect  to  tile  opposite  face,  both  faces  remaining  plane.  As 
a  result  of  this  sliding,  the  two  faces  parallel  to  the  X2-planc 
are  distortcHl  from  their  rectangular  shape  into  parallelograms 
by  an  amount  jz,  which  is  the  shear  angle  measured  in  the 
/.r-plano.  The  shear  stiffness  Dq^  is  dehmMi  as  the  ratio  of 

shear  to  slu'ar  angle  or 


Jx 


(f>) 


when  only  Qz  is  acting.  If  the  sides  of  the  element  arc  k(‘pt 
parallel  to  the  .^axis,  the  slope  of  the  middle  surface  is 

dw_  _  Qz 


when  only  Qz  is  acting. 

Ill  a  similar  manner,  the  shear  stilfni'ss  Dq^  is  defined  as 
the  ratio  of  the  shear  on  the  facies  parallel  to  the  x2-plane  to 
the  shear  angle  measured  in  the  ?/,::-plane  when  only  Qy  is 
acting  or 


D,- 


_Qy 


(7) 


when  only  Qy  is  acting.  If  all  sides  of  the  element  are  kept 
parallel  to  the  3-axis,  the  slope  produced  is 

dW_  _  Qy 

when  only  Qy  is  acting. 

The  constants  just  discussed  serve  to  define  the  ortho  tropic 
sandwich  plate;  they  can  be  evaluated  theoretically  if  the 
properties  of  the  component  parts  of  the  sandwich  are  known 
and  if  the  plate  is  of  simple  construction.  In  any  event,  the 
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coiisomts  vt\i\  l)(‘  <lot(‘nniii(‘(l  (‘xporinuMitally  Uy  iiuains  of 
tests  and  Iwistin^^  tests  on  Ixainis  and  paiuds  of  tlu' 
same  sandwich  const I’uet ion  as  tlie  plate.  A  description  ol 
tlie  tests  rerpiired  is  <:iv(m  in  appcMidix  A. 

Ahliomrh  S('V('n  physical  (‘onstants  havn*  l)ei‘n  discnssiMl, 
they  iR'ed  not  all  he  imh^pemhmt ly  detta-mimal  for  if  any  thi-(‘(‘ 
of  the  four  constants  I),.  D,.  }.ir,  and  ai-('  known  the  fourtli 
can  1)('  (‘vahiatc'd  from  tlu'  r(‘la tionship 

jlJJu—fiJJr 

This  n^Iationship,  l>as(‘d  on  a  ^nmeralizalioii  of  MaxwcT’s 
r(‘cij)rocal  law,  is  derived  in  app('n<!ix  B. 

The  shear  stdlnessi's  and  merit  some  additional 
discussion.  The  disloi’t ion  due  to  shear  was  assumed  to  Ix' 
a  slidiiur  of  the  cross  si'ctious  over  eac'h  other,  the  cross  sec¬ 
tions  remainin’^:  plane  )uul  the  shear  strains  I'emaining  con¬ 
stant  for  the  entire  thickness  of  the  plate  and  equal  to  the 
shear  an^le  7j  or  y^.  Actually,  if  the  plate  is  continuous 
eiiouLrh  for  cross  si'ctions  to  exist  at  all,  under  shear  the  cross 
sections  ^nmerally  tend  to  warp  out  of  their  plane  condition 
(p.  170  of  reference  8);  this  warpin^^  makes  the  shear  angle, 
as  defined  for  equations  (6)  and  (7),  meaningless.  The  shear 
strain  varies  with  depth  and  an  average  shear  strain  will  \niVQ 
to  be  used  as  the  effective  shear  angle  Tz  <>i’  Ju  purposes 
of  definimr  effective  shear  stiffness  or  If  the  exper¬ 

imental  method  is  used  (sec  appendix  A),  this  difficulty  is 
not  encountered  because,  instead  of  a  shear  angle,  curvatures 
are  mear-ured,  and  the  stiffnesses  obtainctl  are  automatically 
the  effcciive  stiffnesses. 

Despite  tlie  general  tendency  of  cross  sections  under  shear 
to  warp,  the  assumption  that  they  remain  plane  (though  not 
normal  to  the  middle  surface)  can  be  shown  to  be  almost 
correct  for  those  sandwiches  in  which  the  stiffness  of  the 
core  is  very  small  compared  with  the  stiffness  of  the  faces 
(for  example,  Metalite,  honeycomb).  For  such  sandwiches 
the  shear  stiffnesses  Dq^  and  Dq^  can  be  readily  calculated, 
because  the  faces  may  hi'  assumed  to  take  all  the  dirccT  bend¬ 
ing  stress  and  the  vertical  shear  may  therefore  be  assumed 
uniformly  distributed  in  the  core.  Tin*  shear  angles  y^  and 
7j,  will  then  be  constant  throughout  the  core. 

For  thos('  sandwiches  in  which  cross  sections  under  shear 
may  not  be  assumed  to  remain  plane,  the  tendency  of  these 
cross  sections  to  warp  introduces  a  further  complication 
which  can,  however,  be  resolved  by  means  of  a  justifiable 
simplifving  assumption.  This  complication  is  due  to  tiu' 
fact  that  if  the  cross-sectional  warping  is  partially  or  com¬ 
pletely  i)revented  the  effect  will  be  to  increase  the  shear 
stiffness  Dq^  or  Dq^.  The  shear  stiffnesses,  thus,  depend  not 
only  on  the  ])roperties  of  the  plate  materials  but  also  on  the 
degree  of  r(*straint  against  cross-si'ctional  warping,  hor  the 
purpost'  of  the  pn'sent  theory  the  shear  stiffnesses  Dq^  and 
Do,  are  a.ssumed  to  be  constant  throughout  the  i)late  and 
have  the  values  they  would  have  if  cross  sections  w(n*c  allowial 
to  warp  freely.  The  error  caused  by  this  assumption  will 
b(‘  mainly  local  in  character,  being  most  pronounced  in  the 
region  of  a  concentrated  lateral  load,  where  a  sudden  change 
ill  the  shear  tends  to  produce  a  sudden  change  in  the  degree 


of  war[)ing  wliicli  is  ]irevented  by  conlinuity  of  the  plat(\ 
ddu'  (‘rror  will  j)robal>ly  fx',  negiigibl('  in  the  case  of  distril)uted 
loads,  for  wliich  tiiei’e  are  only  gradual  changes  in  the  sluair. 
A  dis(‘ussion  of  this  ei-ror  in  coniu'ction  with  heams  is  con¬ 
tained  in  pagi's  17.)— 174  ol  referimce  S  and  in  reterenci*  t). 


DIFFERENTIAL  EQUATIONS  FOR  PLATE 

1  )ISTORTIO  N  VAiV  ATI  ON  S 


dHn 


J^hiuations  can  l)e  derived  relating  tlu'  curvatun'S  and 

^  ^5  and  tli(‘  twist  ^  at  anv  point  in  tlie  plate  to  tlu'  intiu- 
dij-  dxdy  ‘  ^ 

mil  shears  and  moments  acting  at  that  point. 

Equation  for  the  curvature 


Vn  (‘xpi-ession  can  bi' 


obtained  for  the  total  curvature  ^  in  the  x-directioii  by 

Ox^ 

adding  together  the  contributions  made  by  each  of  the  shears 
and  moments  acting  separately.  From  eiiuation  (1)  the 
curvature  contributed  by  Mx  is  found  to  lie 

Dr 

Equations  (3)  and  (4)  can  be  solved  for  the  contribution  to 
by  My  which  is 

My 
My  jj 

Finally,  the  equation  following  equation  (C)  indicates  that 
the  e.xistance  of  produces  a  curvature  in  the  middle 


plane  ecpial  to 


.  L 

Dq^  dx 


The  moment  M^y  and  the  shear  Qy  make  no  contribution  to 


dhv 

d/” 


Addition  of  the  three  component  curvatures  gives 

DM^'^Dy'^Do^dx 


(9a) 


'd'W 


Equation  for  the  curvature  . — Similar  considerations 


give  the  curvature  in  the  y-direction  as 

dlr~  dy 


(9b) 


d'-w 


Equation  for  the  twist 


-An  exiin’ssion  for  the  twist 


d'-v) 

dxdy 


is  obtained  by  first  writing  an  expression  for  die  twist¬ 
ing  moiiKUit  d/jry  in  terms  of  th(‘  distortions  of  the  (dement 
(lx  dy. 

L(‘t  tlie  middl(‘  surface  of  the  ehanent  lie  distorted  so  that 

it  aciiuircs  a  twist  Further  assume  that  each  line 

(d(unent  normal  to  this  middle  surface  before  its  distortion 
(a)  first  retail's  so  as  to  remain  normal  to  it  after  its  distor- 
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tioii)  (b)  then  rotates  through  an  angle  in  a  plane  parallel 
to  the  a:2-plane,  and  (c)  then  rotates  through  an  angle  yy  in  a 
plane  parallel  to  the  ^/^-plane.  (Rotations  (b)  and  (c)  pro¬ 
duce  parallelogram-type  distortions  of  cross  sections  and  are 
therefore  denoted  as  shear  angles  y^  and  yy.) 

Distortion  of  the  element  as  a  result  of  rotations  of  type 
(a)  is  shown  in  figure  2  (a) .  Distortion  of  the  element  due 
to  rotations  of  type  (b)  is  shown  in  figure  2  (b)  on  the  assump¬ 
tion  that  7x  is  zero  at  the  center  of  the  element  and  is  chang¬ 
ing  uniformly  in  the  ^/-direction.  Distortion  of  the  element 
due  to  rotation  of  type  (c)  is  shown  in  figure  2  (c)  on  the 
assumption  that  yy  is  zero  at  the  center  of  the  element  and 
changing  uniformly  in  the  x-direction.  The  magnitudes  of 
the  displacements  shown  in  figure  2  are  obtained  by  consider¬ 
ations  of  geometry,  the  details  of  which  are  not  given. 

The  twisting  moment  Mxv  acting  on  all  four  cross  sections 
of  the  differential  element  is  proportional  to  the  shear  strain 
of  the  upper  and  lower  surfaces,  because  this  type  of  strain, 
throughout  the  thickness  of  the  element,  produces  the  hori¬ 
zontal  shearing  couples  that  make  up  By  superposi¬ 

tion  of  the  three  distortions  shown  in  figure  2,  the  shear 
strain  in  the  upper  (or  lower)  surface  can  be  written  as 

/Ji  h  dyx_Ji  ^yy 

\2  d^d?/"^2  bxbyj  2  dy  2  bx 

or 

.  / 1, 

\bxdy  2  dy  2  bx  J 

I - 


y 


surface. 


and  therefore, 


Mxyoch 


( 


b'^w 

bxby 


1 

2  by 


1 

2  bx  ) 


Substitution  for  y^  and  yy  in  terms  of  Qx  and  Qy  (equations 
(6)  and  (7))  gives 


bxby 


1  J 

2  I)q^  by  2  Dq^  bx  ) 


where  A'  is  a  proportionality  constant  absorbing  h.  When 
Qx  and  Qy  are  both  set  equal  to  zero,  the  above  equation 
must  reduce  to  equation  (5),  because  only  Mxy  is  acting  on 
the  differential  element.  The  constant  A'  is  therefore  iden¬ 
tified  as  Dxy  and  the  equation  for  twisting  moment  becomes 

M  -n  J  1  1  d^A 

2  Do,  dy  2  bx  ) 


b‘^w 


Solution  for  yields  the  following  equation  analogous 

b^w  b^w 

the  equations  already  obtained  for  and  ^^2  ’ 


to 


b^w  ^Mxy,  I  1  bQx  ,  1  J_  bQy 
bxby~  Dxy^  2  Dq^  by  ^2  Dq^ 


EQUILIBRIUM  EQUATIONS 

The  element  dx  dy  must  be  in  equilibrium  under  all  the 
forces  and  moments  acting  upon  it.  This  condition  implies 
that  certain  relationships  must  exist  among  these  forces  and 
moments.  These  relationships  can  be  derived  by  considering 
the  changes  that  occur  in  the  forces  and  moments  from  one 
face  to  the  opposite  and  writing  the  equations  of  equilibrium 
for  the  element.  The  equations  are  the  same  as  in  ordinary 
plate  theory.  For  equilibrium  of  forces  in  the  x-  and 
^/-directions,  these  equations  are  obtained  from  equations 
(196)  of  reference  5: 


dNr  I 
bx  ‘  by 

(10a) 

dNy  dN,„_ 
by  dx 

(lOb) 

The  equation  for  equilibrium  of  vertical  forces  is  given  at  the 
top  of  page  305  of  reference  5  as 


(11a) 


Fiot're  2. — Distortions  of  olomont  d.r  dy  in  twisting. 
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Alui  llu'  (‘((nations  for  (‘(juilihriiini  of  inonunits  about  tlu*//- 
aiul  r-ax('S  arc‘  obtaiiu'd  from  ('(juations  (ISS)  and  (ISR)  ol 
r('for(‘n(*<‘  5  as 

dM,„  d.Mr  ,1,^^ 

d//  ^  d,r 

^^0  "  dX  dl/ 


nil') 


(Kqiiations  (ID  iiir  also  (lenvcd  in  a|)p(‘ii(li.\  ('  by  miniini/.a- 
tion  of  tlu'  ])ot(‘ntial  (‘luu'iry.)  Noti'  that  tli(‘  li'ft-liand  sid<‘ 
of  (‘((nation  (lla)  can,  by  virliK'  of  (‘({nations  (lib)  and  (lie), 
b(‘  sim])lifi(‘(l  to 

dQ.  dQ, 

dx  '  0// 

If,  as  is  customary  in  small-(l(‘fI(‘ction  th(‘ory.  tlu‘  middl(‘- 
()lan(‘  slr(‘ss(‘s  A"i/.  iHttl  A^n/  art‘  assimu'd  to  b(‘  imchantrcd 
in  the  course  of  the  plate’s  defhH'tion  and  e((nal  to  their  initial 
values  b(‘fore  application  of  lat(‘ral  load,  th(‘n  (‘q nations  { 10) 
are  automati(*ally  satisfied  and  (‘((nations  (9)  and  (11)  (‘ou¬ 
st  itute  the  six  fundamental  differential  (‘((nations  that  d(‘t(‘r- 
mine  tlie  forc(‘s,  mom(‘nts,  and  distortions  tliron^diont  the 


orthoti'()[)ic  |)la((‘.  Tlu'y  (*an  1)(‘  ns(‘d  in  tlu'ir  ()r(‘sent  form  or 
in  th(‘  alt(‘rnat(‘  form  obtaiiu'd  in  th(‘  following:  section. 

ALTERNATE  FORM  OF  THE  DIFFERENTIAL  E(JUATI()NS 

Tlu'  fundamental  (lifr(‘rential  (‘((nations  (9)  and  (1  1)  can  l)e 
tTansfoi'iiU'd  so  as  to  s(‘parat(‘  vai’iabh's,  lC((uati()ns  (9)  ar(‘ 
first  solv(‘d  for  M,j,  and  (o  obtain 


I  —  MxMf/  I 


r  \ 

Ldx  \  dx  DqJ 

1— 


d  /  ^  _  Q„  Y 
c)y  \  (D;/  lh)J_ 


(I --’a) 


With  tlu-  Icft-liaiul  si(l,>  of  (‘((ualioii  (lla)  siiuplilicd  to 

^Qi  ,  ^Qu  abovi'  (‘xpiTSsioiis  for  M^,  and 

dx  o,, 

substituted  into  ('((nations  (111))  and  (lie),  ('((ualions  (II) 
l)(‘C()m(',  after  some  re<!;rou])in!j  of  terms. 


(.V. 

dx‘  ^  dxdy 

)’"+(dx)^'^^+< 

1 

11 

d’ 

dxd)/' 

1  ' 

1  —M/Ml/ 

/  d^  ,  d’ ' 

Y"  dxd?/-  dx^ 

Dr . _ 

HrHy)DQ/dx- 

]  Dr,  d^  Dr^,  d-^  1 

J  ( 1  D„^  dxd?/J 

<2,=fl 

d’ 

dx'dij  1 

/ 

i  —  M/Mi/ 

^  dY,  0"' 

)]^"+[i^;>xd^+(T- 

D^Hr  1 

-MxMy)  /A;j.  c)/dyj 

. ^'-il 

[2  D,r^  dx^^  (1  0//^  Y 

(?„=() 

'I'liese  three  e((uations  ean  he  solved  to  olrtain  a  difrerential  equation  for  w  alone  in  terms  of  ([,  an  e((uation  for  Qr  alotie  in 
terms  of  q,  and  an  ec(uation  for  Q„  alone,  in  terms  of  q.  This  separation  is  aeeomplisherl  most  easily,  for  the  ease,  in  which 
.V„  A' ,  and  are  constant  throughout  the  plate,  by  treating  the  three  differential  equations  as  thougli  they  were  alge¬ 
braic  equations  and  solving  for  w,  Vr,  and  by  means  of  determinants.  I’lie  terms  in  the  determinants  are  the  differential- 
operator  eoeilieients  of  Q^,  and  appearing  in  the  three  eiiuations.  In  exi)anding  t  liese  determinants,  tlie  rule  for  multi- 
[)lieation  of  linear  o()ei’atoi's  must  l)e  used,  (or  e.xam|)le. 

d-  d-  ^  d‘ 
di/‘  dxdy  dxdi/' 


As  a  result  of  smdi  a  solution,  the  following  differential  equations  are  obtained  f 

[D\w^-\M]q 

\D\Qr=-[N\q 

\D]Qy^-[P]q 


and  Q„ 


(l.'la) 

(13b) 

(13c) 
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wIktc  [/>],  [.\/].  [.V].  iind  [/']  arc  diflViTiitial  opcralors  (Icliiicd  as 


1  l>J>r  o"  I  1 


l),  ’ - 1  •'  ~  I  2,, 


^+- 


D. 


_L  i. 


ilD  I)  — 

\2  '  /yV'+ . .  "  ■  ■  M,,  / 


ds~dy 


,4 


1  Dj  I),  b'  .j  D*  {.-it)  I  ^  1  /)  1  ^  _ 7)  _ I--- 


_  1  D..JK  (  V  I  \-  ■  •>  \-  U 


Do  Do 

'  T  ''H 


A'. 


d.r'dir^-^  '  ""  dr'bif  r  2  V  "  c)T-d)/'^  "  Drd//'  / 


/y,„(l-M,Mv)  ,  s-  ^  V  x..,v 


Do 


+ 


D 


’^y.  V  ^' +  V  +  ->v 


1) 


D, 


1(V 

J  V  '  dx'dy- 


'  d/d?/ 


T')  + 


.  /  ,.  d-  ,  0-  ,  ., ..  d-  \ 

(  I  -  MrM„  H  A  ,  A  „  ^  ,  r  ry  ) 


d-  \ 


drd//  > 

1  ..  1 


1  1)  n  I  •>  .2 

. . 


/  v^; 


j  d*  ,  1  DrJ),  d*  _r  1_ />7d(1  “MtMj/)  I 

7  di/  U  dir 


1 

2 


/y« 


1  c)-'  .  2 

t^l  =  2  Do,,  dF^-'V  . . . 


-'2  d-^  1  Dr,J)„ 


IK,. 


dr‘d//‘~^2  Dq  6xby^  bx: 


b^ 


b\ 

bxd]r 


in-o 


}),j^  bx^by  ' 


M 


\D  D  d'  2  2  d"  ,\Dr„D.,b^  ,,  ,,  \i/)  i 

'■  . . 


(14a) 


(141)) 


(14c) 


(I4d) 


Equations  (12)  and  (lo)  lakon  togrtlior  constitiitcMin  alt(M- 
nato  s(‘t  of  (li(}\‘r(‘ntial  (ajuations  that  llu'  |)lat(‘  must  satisfy. 

COMPARISONS  WITH  PREVIOUS  SOLUTIONS 

Homogeneous  isotropic  plates,  deflections  due  to  shear 
neglected. —  Flio  usual  fourtii-ordcr  (M|uation  lor  liomoi^cnc- 
ous  isotropic  plat(‘s.  in  which  deflections  due  to  shear  are 
neglected,  (‘an  !>('  ohtaimal  from  efpiation  (Khi)  hv  h'tting 

Mx=Mj/  =  M 

J)^=D,^l){\-^^) 

Witli  tlu'se  substitutions  made,  e(|uation  (Khi)  Ix'comt's,  alt('r 
some  transposition  of  terms, 

d'w  d'w  d'w_\  /  ..  i)-w,  ,y 

dT'+-  Dx%^'  +  ())/'  -/;V^  '  dxbyj 


which  is  the  same  as  e(juation  (107)  of  ridereiua'  5. 

Isotropic  sandwich  plates,  deflections  due  to  shear 
considered. — The  difrerontial  eiiuations  for  isotropic  sandwich 
plates  are  obtained  in  r(‘feren(‘e  b  by  use  of  Castigliano’s 
theorem  of  least  work  for  the  case*  iu  which  the  niiddh'- 
surface  forces  xV^,  A^,  ami  N'xv  zero.  Olie  (X|uilibrium 
diirerential  equations  of  reference  b  are  (‘([uivahmt  to  ecpia- 
tions  (II)  of  the  pn'sent  paper.  Equations  (10a),  (!0d), 
(lOe),  and  (lOf)  of  reference  b  can  be  so1v(hI  simultaimously 
to  obtain  the  following  e((uations  for  the  curvatures  and 
twist  in  t(‘rms  of  the  vertical  shears  and  moments  (tin* 
notation  is  that  of  referenc*e  b) : 


bx‘ 

b^^w 

dir~ 

bhv 


Mr 


A^T  +  I 


vM, 


M„  ,  vM 


; _ ,  1  1  OVA 

('-)  Ox  C„  V  Ox  d//  / 


■Zy(l-c-)'^77(r-A^)  +  r,  dy  (. 

w  _  _  ll _ ,  1  /  i>Ys  I  ^CA 

0x6?/  /)(1  —  c)  '  2C,  \  by  Ox  / 


1  0V„ 


1  OVA 

y.',  V  Ox  by  ) 
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1'lu*  symbols  If,  Tv,  aiui  \  ',j  iu  the  al)ov(‘  (Hjuations  (‘ori’ospond 
to  Qx^  Jiiui  Qjj,  r('S|)('ctiv('ly,  in  tlu'  notation  of  tlu‘ 

jiroscMit  papc'r.  'riuM|ua-ntitios  I),  (\-,  (\,,  and  ai’o  physioal 
constants  for  the  plate.  TIu'  al)ov(‘  (apiations  ai'(‘  simmi  to  l)(‘ 
idcMvticalin  form  to  ('({nations  (9)  ol  tin*  prc'scmt  papt'r  (il 
is  s('t  (‘({ual  to  for  isotropy  in  tlu'  .r-  and  //-diri'ctions) 

(•xc('pt  for  tlu'  additional  ti'i'in  cui-va- 

lur(‘  ('cpiation.  This  ti'riu  ai‘is('s  from  tlu'  (•onsid(‘ration  of 
str(‘ss('s  and  strains  in  tlie  v<'rtical  dir('ction,  wliich  wrvv 
i(*.(d.('d  in  llu'  pi'('S('nt  pap(‘r  on  tlie  ^n-oiind  that  tlu'v  liave  a 
n('^'liii;il)l{‘  (‘lli'c't  on  tin' ov('r-ali  fh'xural  Ix'havior  ol  tiu'  {)lat(‘ 
and  ar(‘  only  imi)0!  tant  in  tlie  iu'ie:ld)or!iood  ol  concentrated 
loads.  Settincr  (\,  c(\\in\  to  infinity  mak('s  tlie  (‘({aations 
(l('riv('d  from  la'fc'reiua*  (i  comph'ti'ly  id(‘ntical  in  loi'in  to  ('(pia- 
tions  (9)  of  the  i)r('senl  jiapi'r.  It  should  lx*  nn'iitioned  that 
the  (juantity  }r  as  us('d  in  n'ference  <>  is  not  tlu'  defli'ction  ol 
the  middle  surface  but  “a  Aveighted  average  across  the  thick- 
iK'SS  of  tlie  deflections  of  all  points  of  the  })late  Avhicdi  lie  on  a 


I 


normal  to  the  middle  surface.” 


is  appli(‘d  only  to  tlx*  middk'  surfaci'  at  the  boundary  and  no 
horizontal  foiaa's  aia'  applical  to  pri'vc'nt  tlu'  //-disphua'iin'iit  of 
otiu'r  points  in  tIu'  boundary,  tlu'ii  M^y,  wliich  is  mad('  up  of 
such  horizontal  foi’ci's,  must  b('  zero.  Two  dilleiauit  typ<'sof 
simpk'  support  thus  ('nu'rircu  For  sim{)l('  suppen’t  in  which  all 
points  in  tlu'  boundary  aia'  prewented  from  moving'  parallel 
to  th(‘  (‘dire.  th('  conditions  are 


»!  =  () 

( 1  tia) 

(IGb) 

‘■'‘hj 

(Itic) 

I'or  sim[)le  sup[)ort  in  which  all  points  in  the  houndary. 
(‘.\c(‘|)t  those  in  the  middle  surface,  are  free  to  move  parallel 
to  tlie  t‘d^e,  tlu'  conditions  are 

to=i)  (1 7a) 

(17I)) 


BOUNDARY  CONDITIONS 

d'h(‘  lioundarv  conditions  arc'  first  discussc'd  for  those  type's 
of  ed^e  supi)ort  most  eommonly  assumed  in  practice:  namc'ly, 
('omplet(‘  fre(‘dom.  simple  support,  and  clampln^^  (Morcj 
^eiu'ral  kinds  of  support  are  considiaa'd  in  appc'udi.x  C.) 
Th(*s(‘  su{)ports  an'  (‘haracterized  by  the  condition  that  no 
work  is  done  by  the  moments  and  V(‘rtical  forces  at  the 
boundary.  A  boundary  ])arall(‘l  to  the  //-axis  is  considered; 
the  conditions  for  a  boundary  parallel  to  the  j-axis  can  be 
obtained  by  rc'placinjr  //  and  vice'  vc'rsa,  except  in  the' 
subscripts  of  Afjy  and 

Free  edge.  -The  botmdary  conditions  for  a  free  unloaded 
edge  parallel  to  the  //-axis  expn'ss  the  conditions  of  zero 
bending  monu'nts.  zero  twisting  moment,  and  zero  vertic'al 
foiaa',  or 


.1/^  =0 

(I5a) 

(15b) 

Vr  =0 

(15c) 

If  th(‘  free  (*dge  carries  load,  the  rniddle-iilaiu'  forces  and 
will  not  in  genc'ral  bc'  z('ro  and  the  boundary  condition 
of  Z('ro  lU't  v('i‘ti(‘al  forca'  bec'omes 


dir 


dw 


(1 5c') 


inst('ad  of  (‘(piation  ( I  oc). 

Simply  supported  edge. . -  The  ])rincipal  boundary  con- 

ditions  for  a  simply  sui)p(>rt(‘d  (‘dge  parallel  to  the  //-axis  are 
and  If  to  tlu'se  two  conditions  is  added  the 

r('stri(‘ti()n  (hat  tlu'H'  is  no  //-displacement  of  points  in 
llu'  boundary,  then  the  six'ar  angle  jy  is  zero  and  therefore 

/f'  r^O.  If.  on  th(‘  other  hand,  the  support  at  the  boundary 


(1 7c) 


Of  the  two  types  of  simple  support,  the  first  (ecj nations  Hi)) 
is  mor(‘  likely  to  occur  in  practice. 

Clamped  edge. — The  ])rincipal  conditions  characterizing 
a  clamped  (‘dge  parallel  to  the  //-axis  are  Z(‘ro  deflection  of  the 
middk'  surface  and  zero  rotation  of  the  cross  sections  making 
up  the  boundary  (that  is,  the  boundary  plane  remains  parallel 
to  the  £:-axis).  The  requirement  of  zero  defk'ction  is  satisfied 
by  letting  ir—O  at  the  boundary.  The  requirement  that 
boundary  cross  sections  remain  paralk'l  to  the  >axis  is  satis- 


,  ,  .  dw 

fu'd  by  U'ttmg  ■ 


Qx 

I  Jo 


'  as  the  (‘([nation  following  (‘([nation  (b) 


indicat(‘s.  (Xot(^  that  if  deflections  due  to  slu'ar  are 
neglected  by  letting  Dq^~  co  ,  then  the  last  boundary  condi¬ 
tion  r('duc(‘s  to  ^^0,  which  is  familiar  in  ordinary  plate 
theory.)  Just  as  in  the  cas(‘  of  simi)l(‘  support,  the  third 
boundarv  condition  is  (‘itlu'r 


y)  or  =  0  d(‘pending  on 


wlu'tlu'i'  or  not  points  in  the  boundary  (other  than  those 
points  in  the  middle  surfac(‘)  are  i)rev(‘nt(‘d  Irom  moving 
paralk'l  to  tlu'  (‘dge.  Thus,  two  typ('s  of  clamping  are 
I)ossible.  For  a  (danqx'd  ('dge  in  wliich  the  points  in  tlu' 
boundary  of  tlu'  plat(‘  arc'  prev('nt('d  from  moving  jiaralk'l 
to  tlu*  (‘dge,  tIu'  conditions  are 


w=={) 


dw_  Q,  _ 
dr 


<1, 

D, 


'  =0 


(18a) 

(I8b) 

(18c) 


For  a  claiiijjcd  ('dge  iu  wliich  tlie  points  iu  tlie  hoiiiidaiy 
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(except  those  in  the  middle  sui'faee)  are  iVee  to  move  pan 
to  tlu'  th(‘  conditions  arc 


farther  face.  This  |•otalioll  is  imidc  up  of  the  two  parts 
shown  in  (iixurc's  2(a)  and  2(1))  and  is  e([tial  to 


dw_  Qx 
Ox  1^0 , 


d'lie  latter  tvpe  of  elampiuf;  is  very  unlikely  to  oeeiir  m  piae- 
tiee  heeaiise  anv  practical  type  of  rostnimt  that  keeps  the 
bmmdarv  from  rotating:  has  to  he  applied  over  an  appreeialile 
part  of  tile  thickness  of  the  ed-e  and  therefore  prevents  most 
points  in  the  boundary  from  moviiiK  freely  parallel  to  the 

The  boiimlarv  conditions  just  discussed,  as  widl  as  liound- 
arv  eouditions  corresponding  to  more  general  types  (it 
support,  are  derived  in  appendix  C  by  a  variational  method. 

POTENTIAL-ENERGY  EXPRESSION 
STRAIN  ENERGY 

Vu  expression  can  be  obtained  for  the  strain  energy  T, 
produced  bv  the  moments  and  luul  the  shears 

a  and  Q,  bv  considering  the  work  done  by  these  inomen  s 
and  shears  in  distorting  the  dillerential  element  of  figure  1 . 

'riie  work.of  the  moments  Mi  dy  is  eipial  to  ^  ^Ixdy  times 

the  counterclockwise  rotation  of  the  right-haiid  face  with 
respect  to  the  left-hand  face  of  the  element.  Hus  rotation 
is  made  up  of  two  parts:  the  rotation  caused  by  the  moment 
Mi  itself  and  tlu>  Poisson  rotation  caused  by  tiu'  moment  Mu- 

(  Mi. 

The  sum  of  these  two  parts  is  — ^  Oi'^“  1>J 

that  although  the  term  makes  a  contribution  to  the 

curvature  of  the  middle  surface,  this  term  represents  a  rate 
of  change  of  sliding  rather  than  a  rate,  of  change  of  rotation 
and  therefore  makes  no  contribution  to  the  rotation  of  one 
face  with  respect  to  the  opposite.)  'Hie  work  of  the  moments 
Mj  is  t  IuM-cforc 

1  .  .  .  /  Mi  ,  M,\ 

'*■'  D-J 


or.  replacing  7^  by  its  equivalent  in  terms  oft,),,  (equation  (t>)), 

/  d-w  _  \ 

\  dxdy  c)//  / 

'Hie  work  of  the  moments  iniralh-l  to  the  .r:-plane  is 

there  Ion' 

2  \dxdy  0,1^  d//  / 

Similarly,  the  work  of  tliose  moments  .U„  parallel  to  the 
1/ --plane  is 


dxd?y  Dq  dx 


^dxdy 


'Hie  total  work  of  the  moments  Mi,  is.  by  adding  the  last 
two  expri'ssions, 


■  _1  1_ 

dxdy  2  Dq^  dy  2  Ox 


dx  dy 


Mjdy  iy- 

1  {Mi-_ 

2  V  Dr  ' 


MiM, 


dxdy 


Similarly,  tlie  work  of  the  moments  M,  is 


'Hie  work  of  those  moments  Mi,  acting  in  the  laces  parallel 
to  the  /r-lilane  is  (.(pial  to  ~  Mi,  dx  times  the  clockwise  rota¬ 
tion  of  the  nearer  face  (as  seen  in  lig.  1)  with  respect  to  the 


The  factor  in  parentheses  is  simply  from  the  equation 
preceding  equation  (9e),  and  the  work  of  the  moments  M,, 
therefore  becomes 

^^dxdy  (22) 

L^xy 

The  work  of  the  shears  Qi  x^-Qidy  times  the  downward 

distance  through  which  the  right-hand  face  slides  with 
respect  to  the  h'ft-haiid  face.  This  distance  is  7r  dx  and 

work  is  therefore  |  Qx7x  dx  dy.  Reiilacement  of  y,  by  its 

equivalent  in  terms  of  Qi  gives 


for  tbe  work  of  the  shears  Qi.  Similarly,  the  work  of  the 
shears  Q,  is 


Inti'gration  of  tlii'  energy  expressions  (20)  to  (24)  over  the 
entire  plate  gives,  as  the  total  strain  energy  due  to  bending 
and  shear, 
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Elimination  ol  Mr,  My,  and  M^u  I>y  ^>1'  <‘<ltiini<>ns  (12)  transforms  ilia  st rain-aiH’r^O'  ^'xpn'ssion  (2.V)  into 


Fi- 


1  r  ri  I), 

2,1  .)  (  1  —  jUrMv  L^-^’ ^  A  i 

/>,  rd  /0?r_  Qu\l\^KSd  (d}r_  Q,\  d  /dir 


+ 


Qaj^QA) 
‘  A,j 


(If  dy 


(2()) 


Iti  addition  to  tli(‘  strain  (‘Ium-l'-v  of  lamdin^^  and  sluaii’,  tlior(‘  is  tlio  vncvixy  of  strtMcliin.u-  of  tlu'  middl(‘  surlaaa  prodmaal 
1)V  !lu‘  forci's  A',,  A’,,  and  A'^y.  In  small-dtdh'ction  thaorv,  tlioso  forces  ari'  assumed  to  remain  constant  dnrin^^  lateral  d(‘llee- 
lion.  T\\v  strain  (MUM'iry  of  miildh'-stirfaee  s( riRehin^'  is  tlierefoi't'  a  constant  imh'pimdmit  of  tin'  laK'ral  d(‘ll(‘et ion.  This 
(Muairv  do(‘s  not  adVet  any  sohition  and  may  Ix'  omittial  from  eonsidernl ion. 

POTENTIAL  KNERIiY  OF  EXTERNAL  FORCES 

The  polimtial  (‘iK'riry  ae(|uired  hy  (he  (‘xternal  forces  in  the  e.onrse  of  tlu‘  latt'nd  d(dl(‘c(ion  of  tin'  plali'  is  independent 
of  the  internal  eonstnuRion  details  of  (he  plat(‘  and  depends  only  on  the  displaetmumts  of  tlu'  middle  snrfaet'.  The  potent ial- 
enersry  e.xpression  for  the  orthotropie.  sandwitdi  plate  is  therefore  (he  same  as  for  the  ordinary  liomoirtMH'ons  isotropic  j)late;  that 
part  of  the  expression  due  to  the  forces  AA,  A^,  and  AAv  at  the  hotmdaries  is  ^riv(»ri  hy  the  nejrative  of  e.xpression  (201)  of 
reference'  5.  If  to  this  part  is  added  the  pote'iitial  enerjry  aceiuired  hy  the  late'ral  loads,  the  result in^^  ('.xpression  for  the  potential 
('lU'ryy  r»f  the'  (‘.xK'rnal  forces  is 

Eepiation  (27)  applies  only  when  the  reactions  do  no  work  and  therefore  acepiin'  no  potential  energy  in  the  course*  e)l  the 
plate  s  elelleeRion.  The*  meist  commonly  assurneel  honnelaries  satisfying  this  ceindition  are  free,  simply  suppeirteel.  and  clampeel 
eehms.  The  potent ial-ener^^y  expivssion  for  plates  with  more  general  boundary  conditions  must  inclnde  terms  corresponding 
to  the  weirk  of  the  re‘actie)n  feirce's.  This  more  general  case  is  consideivd  in  appendix  C. 

In  this  se'ctiem  eejiiatiem  (27)  has  l)een  e'stahlished  hy  means  of  physical  reaseming.  A  more  rigeiroiis  derivation  of  eepia- 
(ion  (27)  for  the*  special  e*as(*  e)f  a  rectangular  plate  is  giv(*n  in  appendix  D. 


POTENTIAI.  ENEHOY  OF  SYSTEM 

The  teital  peite'iitial  e'lU'rgy  Fof  tlie*  syste'in  eaimprising  the  plate*  and  the*  force's  acting  em  it  is  the*  sum  e>f  tin*  strain  energy 
El  and  the  potentital  energy  of  tlie  e'xternal  force's  lA  <>r,  hy  aelelitiem  eif  eejuatiems  (2())  anel  (27), 


Dy  ^  _  Qv 


)J  "  tL 


d  /d  iv 
df  \  d?/ 


Qu 

'/a: 


T 


d  /dv) 
dy  V  df 


Q 


+/T+/T  1 


L|  f[-2,.+  ,V,  (j;)  +  A'.  e;)"+2A' t 


(28) 


The  above*  e.xprt'ssiein  applie*s  when  the  heiiinelary  reae*tions  eh)  ne)  we)rk  anel  therefe)re  ae-quire  no  peite'ntial  eiie'rg}"  in  the 
e’e)urse  of  the  plate's  eloflee-tion.  This  e'((Uation  is  therefore*  applicable  when  the  e'elge's  of  the  plate*  are  fre'e*,  simply  siipporteel, 
or  e‘Iampe*el.  The  peXeiitial-energy  (‘xpre'ssion  feir  a  [)late  with  meire  general  hounelary  e-onditions  is  given  in  appeiielix  (\ 
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ittXTApnXT.ATlOTV  lJF  PRINCiPAL  KESULTS 

1.  'I'lic  physical  properties  needed  lor  small-delleclion 
analysis  of  an  orthotropic  l)lale  in  which  dclleclions  doe  to 
transverse  shear  are  to  l)e  considered  are  the  flexural  still¬ 
nesses  1),  and  I>,j.  the  correspondintr  Poisson  ratios  Mt  and 

delined  in  terms  o!  curvatures,  the  twistinir  stdfness  />,„, 
and  the  transverse  shear  stili'nesses  and  I  hese 

constants  can  he  .•vahmti'd  theoretically  or  hy  tests  on 
samples  of  the  iilate  as  described  in  appendix  A.  Four  ol 
these  constants  arc  related  hy  the  reciprocal  relationship 
ii,l)^  =  ix,I),  derived  in  apiteiidix  B. 

2.  The  dill'erential  eipiations  rchitiliir  the  dellections  w, 

the  lateral  load  i/.  and  the  internal  forces  and  moments  Av, 

A'„,  A'.„,  Qr,  -'/r.  '1'“' 

d’W  r  ,  I  I 

di-  />./>«;  Ox 

O'-V  -1/,,  -U,  1  0(^„ 

dlf  Oy 

dxby  Dxv 

relating-  distortions  to  distorting-  moments  and  forces,  and 

dx  +  dy  ~V + '  ^  Ox^ + '  Or  ^  OxOi/y 

/)  _o.\/,. ,  0.1/, 

dy  dx 

n  dd/, 

■  dx  '  dy 

for  e(|iiilibrium. 

d.  The  first  three  e(iiiations  can  he  solved  for  Mr,  My,  and 
Mrv  to  obtain 


r  d  /d»; 

l-L  ^  1 

r  dw 

.  f?„\1 

Ldx  \  dx 

IKj^J 

fd  /d^c_ 
Ldy  \d.i/ 

'  I  ),i . 

fdw 

ldx 

vt)] 

d  /dw^Qryi 

‘  1— V^.V  ^^Qy^  "  dx\  dx  DqJj 

..  1  „  ro  /ow_  /A  V 

d/.,-2  [dx  \d?y  I\  )^^y 

Substitution  of  these'  (*xpressions  into  the  last  thiee  e([uations 
and  solution  of  the  resultinir  eeiuations  by  means  of  opera¬ 
tional  determinants  ^-ive  the  followiiii-  differential  ecpiations 
with  variables  se'parated,  for  the  (‘ase  in  whiedi  Nr,  Ay,  and 
Nrv  ar(‘  constant  tliroui-hout  the  plate: 

[D]w=~[M]q 

[D]Qr-^^[N]q 

[D]Qy^-[P]q 


w  hviv  [//‘h  td/|-,  {A^h  and  |/']-ar'e  (|ifhvnuitia-b<)j)('na-ars-(l.(dm^^ 
by  ('(juations  (14). 

4.  Three  ty])es  of  su[)port  commoniy  assumed  at  the 
!)Oundaries  of  a  plate  are  no  support  (free  (al^-e),  simple' 
support,  and  clamping.  These  type's  of  sui)port  can  be' 
ele'scril)e‘d  in  te'rrns  of  dellee-tion,  slu'ars,  anel  moments  fe)r  an 
e'd^e'  pjirallel  te>  tlie'  //-axis  as  le)llows: 

Foi‘  a  free'  e'd^e, 

iMr^O 

Mry^O 

"  dx^  ^'^dy 

For  a  sim])ly  su[)porte'el  edge  at  wliich  the'  support  is  applieul 
over  the  e'Utire  thickru'ss, 

'm;  =  0 
Mr=i) 


For  a  simply  supported  edge  at  which  the  support  is  applie'd 
only  to  the  middle  surface, 

w=0 

Mr=0 

Mrv=0 

For  a  (‘lampe'd  enlge  at  whie'h  the  support  is  ai)plied  over  tlie 
entire  tliickiu'ss, 

w=0 

dx  1),,-^ 

Qu  _a 


For  a  clamped  cdfic  at  wdiich  the  support  is  applied  only  to 
the  middle  surface  (a  type  of  support  very  unlikely  to  he 
met  in  practice), 


dw_  Qr 
dx 

Mry  =  0 

The  conelitions  for  an  edge  parallel  to  the  x-axis  can  be 
written  by  replacing  x  by  y  and  vice  versa,  except  in  tlu', 
subscripts  of  Mxy  and  Nxy. 

Boundary  conditions  can  also  be  written  for  more  general 
typos  of  support.  (See  appendix  C.) 
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UEPOUr  -\0.  S!)() — .\A  riOXAL  ADN  ISOUV  COMMrn'EE  EOR  AEKOXAU'I’ICS 


■).  'J’lu'  pot('ii(ial  (MUTjry  of  a  plate  in  wliicli  the  niiddle- 
surfae('  forces  are  assumed  to  remain  unclianged  in  the 
couise  of  the  [)late's  d(>lleelion  and  for  which  the  moments 
and  vertical  forces  at  the  boundaries  do  no  work  is 


1  I  —  M/Mf 


+ 


+ 


OMf  L'^J'  \  d'.’ 
fb  /  die_ 

Lc)/  bx  I )q^  / J  L‘>'/  ypu  I ^ J 

„  fd  ibir_  /A„rc)  /da'_  Q,\ 

U.v  /v/J  -  i-w 


I  — 

1) 
1-M 


d  /  dir 
d^\d/ 


Th(‘  most  iin[)()rtaiit  types  of  houndaiy  to  wiiicli  this  expres¬ 
sion  api)lies  are  fr('(‘.  simply  sup])orte(l,  or  clamped.  For 
more  geiua-al  typers  of  support,  iiiwliich  tlu'  boundary  reac¬ 
tions  do  work  in  the  (‘ourse  of  tlu'  plah's  detlection,  the 
potential-energy  (expression  must  la^  {‘xtimded  to  include 
terms  I'c'presi'uting  tlu'  potential  emayy  of  tlu'  reactions. 

The  calculus  of  variations  can  Ix'  us(‘d  to  show  tliat  in 
ord('r  for  the  potcaitial  eiu'r^y  to  ix'  a  minimum  tlu'  difb'r- 
(‘iitiai  ('({nations  of  ('({uilibrium  and  tlie  bomidary  conditions 
must  h(‘  satisfied.  (Se(‘  a{)pendix  C\) 


lainghy  Xhanorial  Aeronautical  Lal)oratory, 
National  .Vdvisory  Committee  for  Aeronautics, 
Langley  Field,  Va.,  September  SO,  10/^7. 


APPENDIX  A 


TESTS  TO  DETERMINE  PHYSICAL  CONSTANTS 


The  purpose  of  this  appendix'  is  to  give  descriptions  of 
possible  tests  for  determining  the  physical  c.onstants.  No 
(*onsideration  has  been  given  to  details  of  testing  technique. 
Practical!  considerations  may  dictate  changes  in  the  t('st 
procedure's  described  or  the  quantitic'S  to  be  measured. 
These  changes,  however,  will  no  the  of  fundamental  importance. 
Test  for  and  Mx- — The  flexural  stiffness  can  be  ele- 
termined  by  cutting  a  beam  from  the  plate  in  the  x-direction 
and  loading  it  as  shown  in  figure  Jb  The  supports  and  load¬ 
ing  should  be  such  as  to  make  for  minimum  interference  with 
tile  aiiticlastic  curvature.  The  middle  section  is  subjected 

only  to  a  pure  moment  Pd]  the  (uirvature  ^2  this  part 

can  be  determined  from  deflection  or  strain-gage  measure¬ 
ments,  and  the  fl(\xural  stiffness  is  given  by  equation  (1) : 


M 


Pd 

hP 


(Al) 


wlicre  h  is  the  width  of  the  Ixaim.  If  the  transverse  curva¬ 
ture  measuiTd  (the  beam  must  be  wide  enough  to 

jiermit  accurate  measurement  of  this  curvature),  the  Poisson 
ratio  Mr  calculated  from  equation  (2): 


(S-w 

_ 


(A2) 


Test  for  I)q^. — The  transverse  shear  stiffness  I)q^  can  be 
determined  l)y  loading  the  beam  with  a  uniform  load  as  shown 


in  figure  4.  The  beam  at  any  station  x  is  subjected  to  a  known 
bending  moment  equal  to  ^  tt  rate  of 


L'hange  of  transverse  shear 


'qual  to 


The  curvatuH' 


along  the  beam  can  be  determiiu'd  from  deflection  ineas- 

urements.  (Strain-gage  measureim'nts  on  upper  and  lower 
surface's  of  beam  are  inappropriate  because  curvature  due  to 
rate  of  (*hange  of  shear  is  not  accompanied  by  stretching  of 
the  surface's.)  The  flexural  stiffru'ss  79^  having  been  previ¬ 
ously  determine'el  and  the  ti’ansverse*  moment  taken  to 
be  zero,  eeiuation  (9a)  can  be  solved  for  7A;^  to  obtain 


n  ^ 

d‘w  i\/j- 


V 

'b 


1 


dP^J)rb\ 


/  pLx  pP 

^  —  V- 


0 


(A;}) 
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L 


p  ('b/m) 


KiiiUKE  1.  -  I'cst  lodrti'iniini' 


X 


Tests  for  and  /^^.  --Tho  (•(nistants  My,  aiul 

(‘iiii  be  (lotorniuuul  l)y  tosts  simikr  to  tlioso  aliTady  doscribod 
but  oil  a  boain  cut  in  the  ?/-dircction. 

Test  for  Dxy. — The  twisting  stiffness  D^y  can  be  determined 
by  cutting  a  rectangular  panel  from  the  plate,  two  edges 
parallel  to  the  x-axis  and  two  edges  parallel  to  the  y-axis, 
placing  some  r(‘iiiforcement  at  the  edges  to  keep  the 
boundary  cross  sections  rectangular,  and  loading  the 
panel  at  the  corners  as  shown  in  figure  5.  This  loading  is 
statically  etjuivalcnt  to  a  twisting  moment  A/jy  distributed 

p 

around  the  edges  and  e([ual  to  If  the  edge  reinfoi  ce¬ 
ments  keep  the  boundary  cross  sections  rectangular,  then 
the  shear  angles  7^  and  7y  can  be  assumed  to  be  zero  and 


the.  i)late  to  be  in  a  condition  of  pure  twist  with  no 
or  Qy  loading  present.  Tlic  twist  can  be  calculated 

from  the  measured  corner  deflections  as 


dxdy  IL 


The  stiffness  Dry  is  calculated  from  the  formula  that  applies 
when  only  Mjy  is  acting,  namely,  equation  (5) : 


D.u= 


Mry  _  PI2  ^PIL 
^w_  idjlL  85 
dzdy 


(A4) 


APPENDIX  B 

DERIVATION  OF  RELATIONSHIP  = 


Betti’s  reciprocal  theorem  (reference  10)  can  be  expressed 
as  follows:  Let  two  groups  of  forces  be  applied  to  a  struc¬ 
ture,  each  group  of  forces  producing  distortions  that  are 
directly  proportional  to  the  magnitude  of  the  forces;  then, 
the  work  of  the  first  group  of  forces  acting  tlu'ough  the  dis¬ 
placements  produced  by  the  second  group  is  equal  to  the 
work  of  the  second  group  acting  through  the  displacements 
produced  by  the  first. 

The  structure  to  which  this  principle  is  applied  is  the  ele¬ 
ment  dz  dy  of  figure  1 .  Let  the  first  group  of  forces  consist 
of  the  moments  Mrdy.  The  distortions  produced  are  the 

and  where,  from  equations  (1)  and  (2), 


curvatures 


and 


dy- 


d'^w 

dx‘ 


'Ur 


d'-W_  Mr 
dy^~^^  Dr 


The  second  group  of  forces  are  the  moments  My  dz,  and  the 
distortions  produced  by  the  group  are  the  curvatures 

and  where,  from  equations  (8)  and  (4), 

0x~ 


A4 


and 


My 

dx“~^"  Dy 


The  work  done  by  the  first  group  of  forces  Mr  dy  in  associa¬ 
tion  with  the  curvature  My"])-  produced  by  the  second 
group  is 

Af  ^ 

My  Mdz^ 


or 


-MrMy  ^  dz  dy 


Similarly,  the  work  done  by  the  second  gi’oup  of  forces 
Mydz  in  association  with  the  curvature  Mr  pi’oduced  by 
tlic  first  group  is 

M, 


dxdy 

Equating  the  expressions  for  the  two  works  and  eliminating 
the  common  factor  —MxMy  dz  dy  give 


My 

D, 


Mr 

~Dr 


from  which  is  obtained  e(| nation  (8). 
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APPENDIX  C 

DERIVATION  OF  EQUILIBRIUM  EQUATIONS  AND  GENERAL  BOUNDARY  (’ONDITIONS  BY  A  VARIATIONAL  METHOD 

111  tlu‘  l)()(lv  of  this  jiapor  only  free,  simply  supported,  mid  clamiXHl  (‘d^os  wore  considoml.  'Plieso  types  of  boundary 
conditions  are  I'haraeU'rized  by  the  eouditioii  that  the  moments  and  V('rti(ail  forces  at  i\w.  lioundaries  accpiire  no  potential 
(uu'rirv  as  a  result  of  the  plate’s  dellection.  This  (condition  holds  by  virtue  of  tlu'  fact  that  either  th(‘  moments  and  forces  at  the 
boundaries  are  zero  or  the  points  of  aiiplieation  of  the  nonzero  boundary  reactions  do  not  move.  A  mor(‘  ^(Uieral  tyiie  of  sup¬ 
port,  in  which  neither  of  these  eonditions  liolds,  is  discussed  in  tlu'  followiiiir  S(‘ction. 

Potential- energy  expression. — For  simplicity  a  rectangular  plate  with  edires  x  —  {),(i  and  y  —  i),b  is  considered.  I  he 
boimdarv  riaictions  of  the  plate  consist  of  distributed  bending"  moments,  twisting  moments,  and  vertical  forces  statically 
(‘(juivalent  to  tlu'  limits  of  the  internal  monumts  and  shear^^is  t_lu‘  boundm-ies  are  approached.  The  intensities  of  the  reactions 
(moment  or  forc(‘.  pea*  unit  edite  len^nii)  are  denotial  by  4/^,  Mry,  and  Qj  alon^  those  boundaries  parallel  to  tlie  //-axis  and 
T/ji/,  nnd  Qy  alon^^  those  boundaries  paralhd  to  the  x-axis.  (Note  that  the  symbols  used  for  the  naictions  are  distiniruished 
from  the  corn^spondintt  symbols  for  the  internal  forces  by  means  of  bars  |)laced  above  the  symbols.) 

The  potential  (MU'rgy  of  a  plate  the  (‘dges  of  which  are  other  than  free,  simply  supported,  or  clamped  can  be  written 
by  adding  to  (Hpiation  (2S)  line  integrals  representing  the  potential  energy  of  tin'  reac'tions.  The  resulting  expression  is 

..  1  (  Dr  QAl rd  /dw_  , 

2  Ji)  Jo  (1 — Mi-Mi/  \  ^ J  L^.V  Dq^  )j  1  MrMy  L^2/ 

'■r  [I  (^-!tK  (t’-zf )] ^ 

In  the  last  two  integrals,  representing  the  potential  energy  of  tlie  boundary  shears  and  moments,  ^  (^y  ) 

are  the  rotations  parallel  to  the  xc-plane  and //“-plane,  respectively,  of  an  originally  vertical  line  element  in  the  edge  of 
the  plate. 

Minimization  of  total  potential  energy. — The  conditions  that  must  be  satisfied  if  the  total  ])otential  energy  V  of  the 
system  is  to  be  a  minimum  are  now  considered.  By  the  calculus  of  variations  (reference  11),  minimization  of  V  requires 
the  vanishing  of  the  first  variation  6V.  The  first  variation  can  be  evaluated  from  equation  (Cl)  as 


2Dr 

"  ^  DqJ^ 


U  /  1— 


V  1— MxMj/  /L^yv^.v  D,iJ} 


d5 


dx 

/dw_  \ 

U-z-  /V 

dj: 

“  ( 


1— MrMi,  ^oj} 


dS 


\C)2/  CqJ 


dy 


+ 


+ 


2/;„  r  d  /dw__Q,  y 


dS 


/  drv_  Q„  Y 

V£>y  aj 

6y 


+ 


dw  Qy 
6x  ' 


£>// 


+ 


2<3x, 


2<?. 


1 1  bQ  -f  /-) 
D,k  "  A/ 


8Q  (dxdy  + 


XJn  Jo 


,  dwdSw  ,  dwddin  ,  ^  /dtnddw  .  dv)d8w\l  ,  . 

c)7+2-\='c)y  c)y cTy +0// 


Those  terms  in  tlie  above  e.\])ressi()n  that  contain  deiivalives  of  integrated  by 

parts  so  as  to  reduce  the  order  of  the  derivative's.  The  resulting  expression  for  d\"  contains  surface  integrals  of  the  type 
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which  can  l)c  l)rok(‘n  up  into 


aiul 


(.  .  .)  d.,-.  d„ 


Qr 


■// « 


(Ij-  (ly 


Tlio  liist  of  lli.'sc  two  iiiK-rnls  can  l.o  intoirruUHl  a^oiin  !.y  parts  so  as  to  leave  only  terms  eontaininf?  6«;  rather  than  .leriva- 
lives  of  5w.  With  the.  aforementioned  integrations  hy  parts  i)erforine<l  and  after  eonsiderahle  rearranirement  of  terms,  tlie 
(\\pr(*ssi()ii  hccoiucs 


!''•  C"  f,  Dr  fd''  /dM’_  \'l  I  1  r  2>'‘  H. 

"Jn  Jo  D,Jy-2\  'l-^ri^,r  /V/J 

.\  r  d^'  /  dw_  Q,  \1  D„  r^'  ( Q,  \1_, 

)  L^j--  dij  Vd//  / J 1  - L^'f  \^;/  M;/ J 


1  /  D D ifl^r  ' 

'J  V  •  “  M/Mk 


Ldx- d!/ \c)//  Idojl  ^ 

f'*' r"  f  dh  r^*'  M I  i r  ^l-t 

Jo  Jo  (I— m^MvL^A\c)x  DQjy2\  1— MrMi,  /\j>xd!/\dy  Mj/J 

1  n  r  ( V -n'  J+f  - ^  D 

•2  ^“[dxdij\dy  D,iJ  by  \(ix  DqJj  )  Dq^ 

JoJo  (2V  /L^xdi/V^-c  /AaJ^I— \^2/ 

rb-  (bw  Q,\  y  5  -^“-dxdv+ 

2  Ux-’  [by  -oj-^bxby  [bx  ^ 

('"(  Dr  r r  _ 

Jo  I  ”  1  —  L^X- vdx  D„J\  2  \  1— J{j>xby\by  D^Jj 


d‘V;  ) 
'  bx'dy  i 


d  iv  (lx  (ly  + 


dw  ...  dw  7“.  K 
Dx'^^^dy 


1  r  b-  /^w_  fA\1  , 

{•'•(,  Dr  ra  (bw  fA'xl ,  1  (Drn,-\-D„nr\rb  /bw_  f^.A]  .  i/ 

rni  „  rA\l  it  L MAi/d- 


dy+ 


j:u( 


1  r  1 

dw 

Q.\ 

_ 1 

- 1 

/dw 

2\  1— MxMv 

Jl,dxdy\ 

^dx 

oj 

J  l—MrMtf  L5?/‘ 

Uy 

(dfijl 

ry  (<bw_Q 

[_dx‘  \by  D,, 

,^'^bxbd/i 

dw 

^dx 

Q.  \ 

oj. 

]+.v7A''" 

dx  ^ 

“/’"L 

1  \  1  —  MrMi/ 

\  r D  /dw 
)  lOt:  V  dx 

QA 

~/\) 

A. 

Du 

— MrM»  L^y  Ay 

Qu\ 

l\). 

j+A/„ 

D  (^"’- 

Ibx  \by 

/bw 

Vdx“ 

QA 

'iK^ 

QA 

Jdj 

Ift 

1  dx 

10 

(bw 

.QA\ 

Ay 

dJ  1 

(Ix-{- 
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By  viiTiu'  of  oquatioDS  (12)  aiul  (8).  tlio  above'  (‘xpiTssion  for  oTcaii  Ix'  n'writtpu  as 

,  r  /•"  r  ,’o  d-.Ur,d\\f,i  dV  ,  dun,,.  ,,  ^un  \-| 


dx~  “  dxdi/  d// 

0-1 /j  ,  OO/j,/  :  /  \  \  ^^1^ 


/,  /  .  dhr  .  d~w  .  .  0‘W  \  ]  ,  ;  ;  , 

,  -( '/ ^  A .  -r  A  :■  -r  -'A  )J  6in d.r */  + 


J'T  ( -"''+";;-+v- )  5X; ''' 

Ill  order  for  dV  as  given  by  tlie  above,  expression  to  be  zero  for  all  possible  values  of  Sv),  6  ,  and  &  ,  the  various 

inte<>-rais  must  individually  be  zero.  The  following  diHerential  equations  result  from  eipiating  the  surface  integrals  to  zero: 


d-d/._,,  d^U„ 

djr-  ”  dxdy  d//‘ 


Qr^- 


/  ..  d'ba  dun  .J.  d'-wj' 

A  X  +  A  „  gy,  +- A  ru 

dM,,  ,  dM, 

dy  Ox 


_^0M.  OM, 
Ox  dy 


virtue  of  tlic  last  two  of  equation  (C2),  ^ 


dM,  dM, 

dx  dy 


— ill  the  line  integrals  can  be  replaced  by  Qx 


dy  dx 


and  Qy,  respectively.  Equating  the  line  integrals  to  zero  then  gives  the  following  boundary  conditions  required  to  insure 
that  5F— 0: 

At  X  — O.a 


At  y^O.b 


.  \r  1  AT  n 

f,^i+Al  ■5j;+A«  Qy  -  Qx 

or 

bw=i) 

or 

5  1 

/dw 

\dl 

o 

!! 

■Mx.=Xix„ 

or 

b 

/dw 

v¥ 

i  AT  f  AT  - 

Qv+Ny  5^+Ax„ 

or 

5i/;=0 

My  =  Ily 

or 

b 

/dxo 

\^j~ 

d / j 2/  Air u 

or 

b 

/dw 

\dx 

11 

o 

Equations  (02)  arc  the  difrcrcntial  equations  that  must  be  satisfied  if  the  potential  energy  is  to  be  a  minimum.  They 
will  ])e  recognized  as  the  equations  of  equilibrium,  e(| nations  (11), 

Equations  ((^8)  and  (C4)  arc  the  boundary  conditions  that  must  lie  satisfied  if  the  potential  energy  is  to  be  a  minimum. 
The  left-hand  groups  of  equations  (03)  and  (04)  imply  that  tlie  limiting  values  of  the  internal  forces  and  moments,  as  the  edge 
of  the  plate  is  a])proa(‘hed,  must  be  in  equilibrium  with  certain  proscribed  forces  and  moments  externally  applied  at  the  edge 
(the  prescribed  force’s  and  moments  being  designated  by  me’ans  of  the  horizontal  bars).  The  right-hand  groups  of  equations 
(03)  and  (04)  imply  that  the  displacements  at  the  edge  must  have  certain  prescribed  values. 

The  l)oundary  conditions  given  by  equations  (lo)  to(  19)  for  free,  simply  supported,  and  clamped  edges  parallel  to  the  y- 
axis  are  special  cases  of  equations  (03).  For  example,  the  boundary  conditions  for  a  simply  supported  edge  (equations  (Hi)) 

can  ])e  obtained  from  equation  (03)  by  prescribing  tlu'.  values  of  w,  Mr,  and  i^y~ be  zero  at  the  boundaries  x=0,  a. 
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If  II  is  (iliisticiill.v  supported  at  the  lioiindaries.  the  elastic  support  inay  sometimes  lie  couvetiieiitly  tlioufrlit  of  as 

made  up  of'tliree  rows  of  eloselv  spaced  discrete  spriiiys  at  each  edge:  a  row  of  delleetional  springs,  a  row  of  rotational  springs, 
and  a  row  of  torsional  si)rings,  having  the  known  stilfnesses  per  inch  k,,  k„  and  k,,  which  may  vary  along  the  edge.  For  this 
type  of  supiiort  the  vertical  shear  reaction  at  any  point  along  the  edge  is  proportional  to  the  vertical  deflection  at  that  |)oint 
and  (he  twisting  and  bending  moment  reactions  are  proiiortional  to  the  corresponding  rotations  of  an  originally  vertical  line 
element  in  the  eslge.  The  boundary  conditions  for  this  typo  of  support  can  he  obtained  from  ef|uations  (Cd)  and  (C4)  by  set- 


Q,=  kiW 

M.=  - 

1.  ( X  X 

-\dj:  Dq^) 

Ti„=k, 

(bw  _  Qy  \ 

\i>y  Uoy) 

at  x^a 

7}^=-kor 

Tfr=k, 

(i>  w_  (ii  \ 

'\dx  DqJ 

Tlyy=- 

(  bw  Qy  \ 

a  1  y  ^  0 

Tf,=  - 

(bw  Qy  \ 

Tlry=k 

/  dw  Qy  \ 

dx  nj 

at  y  =  h 

Q^—k,w 

Tly=l 

(bw_  Qy\ 

\by  DqJ 

d7,B=- 

1 

^  At 

1 

Thc  signs  in  the  above  lioundaiy  conditions  follow  as  a  result  of  the  directions  assumed  for  positive  shears  and  moments. 
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DERIVATION  OF  EQUATION  (27)  FOR  THE  POTENTIAL  ENERGY  OF  THE  EXTERNAL  FORCES 


A  rectangular  plate  the  edges  of  which  arc  x=(),a  and 
y=0,6  is  considered  (fig.  d).  The  houmlary  conditions  as¬ 
sumed  arc  the  usual  conditions  corresponding  to  zero  work 
hv  the  reactions;  that  is,  each  edge  is  either  free,  simply 
supported,  or  clamped. 

The  horizontal  loads  and  are  assumed  first  to 

he  applied  at  the  boundaries  with  no  lateral  load.  As  a 
result  the  middle  jilane  (and  all  horizontal  planes)  of  the  plate 
stretches;  thus,  the  I'onstant  stretching  (*nergy  discussed 
previouslv'  in  connection  with  the  strain  ('iiergy  of  the  plate 
is  produced,  and  slight  shifts  in  the  points  of  application  of 
the  edge  forces  ami  A'„  are  caused.  'I'hese  new 

jiositions  of  the  points  of  application  are  used  as  the  arbitrary 
li.xed  reference  points  in  any  future  measurements  of  the 
Iiotcntial  energy  of  (he  horizontal  I'dge  forces. 

If  the  lateral  load  q  is  now  ajiplied.  the  middle  surface 
acfpiircs  the  dis])laceinents  wii.y)  in  the  r-direction,  u{x,y) 
in  th(>  j--direction,  and  i'{x,y)  in  the  ?/-direetion.  As  a  result 
of  these  displacements,  the  lateral  load  ac(|uires  (he  potential 


Khsuiie  G.  --Ki’utiiiiutJliir  with  horizQtittil  forces  aiiplietl  to  hotimhiries. 


(‘iicrgy 


qw  dx  d]f 


(Dl) 


and  tho  edge  fortM's  a(‘(|uiro  the  potential  energy 


(D2) 


The  moments  and  vertical  forces  at  the  boundaries  do  no  work 
and  therefore  accpiire  no  potential  energy  during  deflection. 


By  use  of  the  formula  for  integration  by  jiarts,  e.xpression 
(D2)  for  the  potential  energy  of  the  edge  forces  can  be  re¬ 
written  in  terms  of  the,  interior  forces  and  displacements  as 


(D3) 
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KEPOirr  NO.  S!)0  —  NA'riOXAL  AI)\  IS()RV  ('OMMI'ITKE  FOR  AERON AU'l'irS 


111  tli('  (lovi'lopnu'iit  of  till'  diflVrcMitial  iMjuations  and  in  this 
S(‘(*tioii  tlu'  iniddli'-sui'iac(‘  stri'ssos  Aj-.  A  y,  and  i\  rt/  ari'  as- 
suHK'd  In  [■('main  unchangi'd  in  tlu‘  (‘oursn  of  llu‘  plati' s 
<l(dloction.  Fapiations  (10)  for  (‘(niilil)riuin  of  horizontal 
for(‘(',  coiisiaiiu'iitly,  rrniain  salisfi(Mi  at  all  liinos,  and,  thoro- 
foi’o,  llu'  last  two  inlt'^i’als  of  ('xpn'ssion  (DO)  vanish.  iMirthor- 
inoro.  tlu'  assunij)lion  that  the  middlo-siirtac('  str('ss(^s  roniain 
iin<“han^(‘d  iniplu's  that  no  stri't(‘hin^  ot  tlu‘  iniddh'  suilaii' 
diiriiRT  d('(l ('(‘t ion  occurs.  In  oi‘d('r  to  j)ri'V(*nt  such  stu'tch- 
iinr  tlu'  horizontal  displaciuiRMits  u  and  v  vnn  Ix'  shown 
rcfctvncc  A)  to  he  ndated  to  the  V(M‘tical  displac('- 
'  as  follows: 

da  _  1  /  dir  V 
dx'~  2\dx) 


(p.  0] 
nient;- 


dr 

dn  dr 
dij'dx 


•2\d!/) 

dw  dir 
dx  dy 


'The  first  and  only  ['('inainin^^  integral  of  expression  (1)0) 
tlu'nd’oi'i'  h('conies 

Addition  of  (‘xj)ri*ssions  (i)l)  and  (D4)  giv('s,  as  the  total 
potential  luiergy  of  the  (‘xternal  forci's, 

(Do) 

Although  th('  derivation  was  carri(‘d  out  for  the  si)eeial 
case  of  a  r(‘ct angular  plate,  e(iuation  (Do)  also  applies  to  a 


platen  of  any  shape  in  which  tlu'  niiddl(‘-sui*tace  stress('s 
i-(unain  unchanged  during  d(‘fl(‘ct ion.  Fquation  (Do)  is 
identical  with  exjuation  (27). 
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Positive  directions  of  axes  and  angles  (forces  and  moments)  are  shown  by  arrows 


.Axis 

\ 

Moment  about  axis 

Angle 

I  Velocities 

Designation 

Sym- 
bol  ^ 

Force 
(parallel 
to  axis) 
symbol 

Designation 

/ 

Sym- 

bo\ 

Positive 

direction 

Designa¬ 

tion 

Sym¬ 

bol 

Linear 
(compo¬ 
nent  along 
axia) 

Angular 

LongitudinaL-. _ 

Lateral _ _  . 

-Normal _ 

X 

Y 

Z  - 

X 

Y 

Z 

Rolling- _ 

Pitching _ 

Yawing... _ 

L 

Af 

N 

Y - >Z 

z — >x 

X - ►Y 

RoU.. . 

Pitch—.^. 
Yaw-j - 

> 

0 

-ti 
-  V 

t#  '  “  - 

j 

P 

5 

r 

Absolute  coefficients  of  moment 
(roUmgJ  (pitching) 


(yawmg) 


Angle  of  set  of  control  surface  (relative  to  neutral^ 
position)^.  (Indicate  surface  by  proper  subscript,) 


4.  PROPELLER  SYMBOLS 


D  JDiameter  - 

p  Geometric  pitch  '  ^  . 

p/Z>  J^itch  ratio  7  " 

F'  Inflow  velocity  ^  . 

F,  Upstream  velocity 

T 

T  Thrust,  absolute  coefficient  Ct— — 

Q  Torque,  absolute  coefficient 


Power,  absolute  coefficient  Cj>=^yp8 

Speed-power  coefficient : 
Efficiency 

Revolutions  per  second,  rps 
Effective  helix 


S:  NUMERICAL  RELATIONS 


1  hp— 76.04  kg-m/s=550  ft-lb/sec 
1  metric  horsepower =0.9863  hp 
1  mph=0.4470  mps 
1  mp8=2.2369  mph 


i  lb=0.4536  kg 
1  kg=2.2046  lb 
1  mi=  1,609.35  m=5,280  ft 
1  m=3.2808  ft 


